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Abstract: In this paper, a control design process incorporating robustness criteria is developed specifically for wind-excited high-rise
buildings and its feasibility is experimentally verified by implementing on a four degree-of-freedom scaled �1:300� model of a high-rise
building through wind tunnel tests in along-wind and across-wind directions. For feasibility toward mature application, considerations in
the control design process are made as practical and thorough as possible. The main features of the proposed design process include a
suitable identification scheme that can realistically model wind loads and the possible interaction between control devices and structure,
as well as a systematic way of incorporating robustness criteria in the controller for reducing tracking error, rejecting noise, attenuating
disturbance, and maintaining stability in the presence of system uncertainty. To account for the complexity of wind load in system
identification, wind spectrum is obtained through the high-frequency force-balance tests, and the corresponding state space wind model is
constructed. The nominal system with the robustness criteria employed is transformed into a generalized H� control problem that can be
further converted into a set of linear matrix inequalities �LMIs�. Consequently, strictly proper output feedback H� controllers are thus
determined by a simpler solution procedure in searching the solution of LMIs. As observed from experimental results, the performances
of proposed H� controllers are quite remarkable and comparable to those of classical linear quadratic Gaussian �LQG� controllers.
Additionally, the proposed controllers are numerically demonstrated to be more robust than classical LQG controllers under the existence
of system uncertainty. This successful implementation shows that the design process and robust controllers proposed are feasible for
wind-excited high-rise buildings and the resulting control performance is promising.
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Introduction

In the past decades, the new technique developed in civil con-
struction has begot many more high-rise buildings in urban areas
all over the world. The newly constructed Taipei 101 building in
Taiwan with the total height of 509 m is one of the examples.
Under wind excitation, the flexibility induced from their slender-
ness might cause excessive displacements and accelerations on
which building serviceability and human comfort depend. To ef-
fectively reduce such excessive responses, it has been well recog-
nized from much literature that the use of structural active control
serves as a good alternative.

As the progress of employing active control technique has
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largely come to the stage of actual implementation other than just
numerical investigation in the interest of research, two typical
issues concerning the control design process toward mature appli-
cation shall be addressed. The first issue is regarding the accuracy
of system prediction. It is well understood that system prediction
plays a key role for ensuring good performance of the controllers.
The system uncertainty resulted from prediction always exists
but should be minimized as much as possible. In actual imple-
mentation of active control, one of the critical factors in system
prediction, is mainly due to the integrated effect of active device
�actuator� with structure, the so-called control-structure interac-
tion �CSI�, which was first systematically investigated by Dyke
et al. �1995, 1996� on a scaled seismic-excited model and later
confirmed by Wu �2000� using a full-scale seismic-excited build-
ing model with a total weight of 30 t. It was found in these stud-
ies that, due to such a CSI effect, the transfer function of the
actuator is no longer characterized by a simple time delay but
more complex dynamics, which involves system “zeros” that
essentially comes from structural “poles.” That is, the actuators
appear to have difficulty generating the active force at the fre-
quencies of structural modes, and this difficulty grows as the scale
of structure increases. Based on the previous experimental expe-
riences of the writer’s �Wu 2000�, not accounting for such an
effect in the system identification degrades the performance and
sometimes even causes the system to become unstable during
control. Hence, a proper inclusion of CSI effect in the control
design process during the implementation stage should be consid-

erably inevitable. In the aspect of wind engineering application,
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regardless of the difference of excitation sources, the same con-
clusion in this regard shall apply. In addition to the CSI effect, for
wind-excited structures, system uncertainty can also come from
the complexity of wind characteristics on structures, which can be
best exemplified by the vortex shedding effect in the across-wind
motion �Simiu and Scanlan 1996�.

The second issue to be addressed is the profound consideration
of robustness for controllers. The robustness criteria for control-
lers, according to modern control theories, involve the capability
of maintaining performance robustness for reducing tracking
error, rejecting noise, and attenuating disturbance, and maintain-
ing stability robustness in the existence of system uncertainty
�Zhou and Doyle 1998�. Maintaining system stability in resistance
to system uncertainty for controllers is relatively important be-
cause it directly links to structural safety, and its importance has
been well recognized in the structural control society during the
period that establishment of benchmark studies was in preparation
�Balas 1998; Spencer et al. 1998; Young and Bienkiewicz 1998�.
In the newly announced wind-excited benchmark problem by
Yang et al. �2004�, an estimation error assumed in structural stiff-
ness as the system uncertainty is compulsorily imposed on each
controller to test its robustness. Therefore, accounting for all the
robustness criteria in the controller design during implementation
is important. Furthermore, among the advanced control strategies
proposed in much of the literature �e.g., Kobori et al. 1998; Cas-
ciati 2002�, H� control strategy is particularly useful because the
robustness criteria can be mathematically interpreted as the H�

norm of a transfer function smaller than an attenuation value
�Glover et al. 1988; Doyle et al. 1989; Zhou and Doyle 1998�.
Hence, using the idea of H� control to account for robustness
should be a proper choice.

To accommodate these two issues in implementation, in this
paper, a control design process that contains a suitable identifica-
tion scheme and a systematic procedure of incorporating all
robustness criteria including the performance robustness and
stability robustness using the theory of H� control strategy was
developed specifically for control of wind-excited high-rise build-
ings. The proposed identification scheme involves identification
for two subsystems, each is disturbed by its input source, i.e., the
active force or wind load. For identifying Subsystem 1, the idea
that was originally suggested by Dyke et al. �1995, 1996� for a
scaled seismic-excited building model and later confirmed by Wu
�2000� for a full-scale building model, was used. That is, a white
noise command as an input to the actuator was used to excite the
structure. As such, the control device and the structure were con-
sidered as a whole, and therefore the proper inclusion of the CSI
effect to reduce the system uncertainty can be achieved. The iden-
tification of Subsystem 2 involves the state space modeling of the
building and wind load that the former was constructed by ex-
tracting modal information from the identification results in Sub-
system 1, while the latter used the results from a high-frequency
force-balance test in a wind tunnel to better realize wind load
complexity. The robustness criteria were incorporated with the
nominal system and finally a generalized H� control problem was
formulated. The solution method of the H� controller was ob-
tained by suggesting the so-called linear matrix inequality �LMI�-
based approach that not only makes the H� control theory more
concise and straightforward but also facilitates the solution pro-
cedure �Gahinet 1992; Gahinet and Apkarian 1994; Chilali and
Gahinet 1996; Scherer et al. 1997�. This approach was developed
by means of the recent progress in the numerical tool of LMI.
Herein, to simplify the H� controller design, strictly proper con-

trollers with dynamic output feedback are used and the solutions
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are computed by means of a simpler version of LMI-based
solution procedure proposed in Gahinet �1992�.

The proposed control design process and robust controllers
thus designed for a four degree-of-freedom scaled �1:300� high-
rise building model equipped with an active mass driver was
implemented through wind tunnel tests to verify its feasibility and
applicability to wind-excited high-rise buildings. Since wind tun-
nel tests on an elastic building model can best represent actual
situations that uncertainties exist, the performance in the experi-
mental results reflects the performance robustness of the control-
ler used in the presence of uncertainties. The performances of
proposed robust H� controllers in the wind-induced along-wind
and across-wind motions were presented, and comparisons were
made with those from classical linear quadratic Gaussian �LQG�
controllers. Additionally, uncertainty tests for stability using nu-
merical simulation for both controllers were also conducted and
thus their stability robustness in resistance to uncertainty is
demonstrated.

Structural Model and Experimental Setup

To realistically represent high-rise buildings, a scaled building
model based on the 76-story wind-excited benchmark building
proposed by the ASCE structural control committee �Yang et al.
2004� was constructed for the experiments. To account for the
possible multiple mode responses, the 76-story prototype is con-
densed to a four degree-of-freedom �DOF� shear type model, and
then scaled down according to the scaling factors of 1:300, 1:6,
and 1:1 in length, velocity, and density, respectively �accordingly,
1:50 in time�. Fig. 1�a� shows the frame skeleton of the scaled
model. The completed model with the exterior walls at the atmo-
spheric boundary layer wind tunnel at Tamkang Univ., Taiwan is
shown in Fig. 1�b�. It has a height/width ratio of 6.4, which is
susceptible to wind disturbance.

The active control device installed on the top floor of the
building model is an active mass driver �AMD� system, which is
composed of a linear servo-motor and a moving mass, as shown
in Fig. 2. The maximum displacement �stroke� allowed in the
motor is limited to 1 cm. During experiments, the building re-
sponses, i.e., the absolute displacements and absolute accelera-
tions of all DOFs, the absolute acceleration of the moving mass of
the AMD system and the control command were recorded. The
notation for the DOFs was numbered from the bottom to the top.
Among them, the displacements and accelerations of the first,
second, and fourth DOFs were denoted as the controlled output
vector z= �x1 ,x2 ,x4 , ẍ1 , ẍ2 , ẍ4�T to be used in the identification

Fig. 1. �a� Frame skeleton of 1:300 scaled high-rise building model;
and �b� completed building model on boundary layer wind tunnel
later. The feedback quantities �e.g., absolute acceleration herein�



during active control can be extracted from the controlled output
z and denoted as the measured output y.

In the wind tunnel tests, the atmospheric boundary layer for
suburban area according to ANSI A58.1 �Terrain Classification B�
was simulated, resulting in a gradient height of 400 m and power
law exponent of the mean wind velocity equal to 0.23. Some
other detailed description of this scaled building model with the
AMD system can be found in Wu and Pan �2002�.

Formulation of Identification Scheme

The control-integrated wind-excited system was considered as a
linear system that can be decomposed into two subsystems as
shown in Fig. 3�a�: one is due to the excitation of active force
exerted from the active mass driver, denoted as Subsystem 1,
while the other is due to wind force disturbance, denoted as
Subsystem 2. In each subsystem, the identification can be per-
formed independently by using the output/input relation. The
Laplace domain realization of the control-integrated wind-excited
system in terms of transfer functions is shown in Fig. 3�b�. The
identification process of each subsystem is described in detail as
follows.

Identification of Subsystem 1

For identifying Subsystem 1, the idea originally suggested by
Dyke et al. �1995, 1996� was adopted, i.e., a scalar command U
was used as the input source to be fed into the AMD system
which the active force is exerted from. In the experiments, a set of
band-limited white noise command U �in volts� was used and the
frequency response functions �FRFs� of the quantities in z versus

Fig. 2. Active mass driver system on top floor of building model

Fig. 3. Diagram of system identification: �a� block diagram of cont
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U, i.e., HzU�i��, were measured and computed. The dotted curves
shown in Fig. 4 are the FRFs of the displacements and accelera-
tions of the first and fourth DOFs. The mathematical form of the
components of HzU�i�� can be obtained by curve fitting each
experimental data to a ratio of two polynomials in �i�� expressed
as �bn�i��n+bn−1�i��n−1+ . . . +b1�i��+b0� / ��i��m+am−1�i��m−1

+ . . . +a1�i��+a0� , n�m, in which the coefficients
bn ,bn−1 , . . . ,b1 ,am−1 , . . . ,a1 ,a0 are determined by the weighted
least-square-error method �e.g., Wu 2000; Wu and Pan 2002�. By
keeping the denominators the same, the fitted results �n=10,
m=14 for displacements and n=12, m=14 for accelerations� are
shown by the solid curves in Fig. 4. Consequently, these fitted
FRFs can be further converted into a state space equation in time
domain expressed by

egrated wind-excited system; and �b� realization in Laplace domain

Fig. 4. Frequency response functions of responses due to control
command in subsystem 1: �a� displacement of first degree of
freedom; �b� displacement of fourth degree of freedom; �c�
acceleration of first degree of freedom; and �d� acceleration of fourth
degree of freedom
rol-int
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ŻU = AUZU + BUU
�1�

zU = CUZU + DUU

in which ZU=state vector; zU=part of z contributed from U; and
AU,BU,CU,DU=matrices with appropriate dimensions. Since
Eq. �1� represents the dynamics from the AMD command to
building responses, it may have contained the possible interaction
between the active control device and the structure.

Identification of Subsystem 2

As shown in Fig. 3�a�, the block of Subsystem 2 contains two
models: the building model and wind load model which are
identified separately as follows.

Building Model
Since the measurements of responses due to AMD action are
handy from the identification results in Subsystem 1, the modal
properties can be extracted from them for constructing the build-
ing model. From structural dynamics, the dynamics of a building
model can be described by the equation of motion expressed by

MSẌS�t� + CSẊS�t� + KSXS�t� = F�t� �2�

in which MS,CS,KS=mass, damping, and stiffness matrices of the
building model and F�t�=wind force vector. While the mass of
each DOF in the test was directly measured, in reality the mass
can be best estimated using the finite element approach. From the
measured data in subsystem 1, the FRFs of the accelerations of all
DOFs versus the inertial force of the moving mass can be com-
puted. Since the active force exerted from the AMD is the inertial
force of the moving mass, these FRFs thus obtained represent the
response outputs from the input force acting on the top DOF. The
curve shapes of these FRFs are similar to those shown in Fig. 4
because the command U is set to track the acceleration of the
moving mass. In the same manner, the state space equation can be
formed after curve fitting these FRFs, i.e.

Żt�t� = AtZt�t� + BtF4�t�
�3�

zt�t� = CtZt�t� + DtF4�t�

in which F4�t�=active force acting on the fourth DOF. Note that
now the zt in Eq. �3� contains the accelerations of all four DOFs,
i.e., zt= �ẍ1 , ẍ2 , ẍ3 , ẍ4�T. Thus, the modal decomposition of this
state Eq. �3� can be performed to provide information of modal
properties. First, by assuming small �or proportional� damping in
the building, the jth pair eigenvalue of the system matrix At shall
have the form of −� j� j ± i�1−� j

2� j in which � j and � j are the jth
mode damping ratio and natural frequency. The resulting natural
frequencies and damping ratios are 6.32, 31.57, 62.97, and
131.23 Hz, and 2.7, 2.41, 3.53, and 2.22%, respectively. Second,
by substituting the jth pair eigenvector of At into the state vector
Zt and letting F4 be equal to zero �i.e., free vibration� in Eq. �3�,
the complex-valued controlled output vector zt shall represent the
jth mode shape of the building. Due to small �or proportional�
damping, the complex mode shape can be converted to a real one
because the components in zt are either in phase or out of phase.
This is based on the fact that, for free vibration with zero initial
conditions, the contribution of the jth pair of modes consists of
the vibrational mode shape multiplied by a time-varying function
exp�−� j� jt� · sin��1−� j

2� jt�. Finally with the damping ratios,

natural frequencies, mode shapes, and mass matrix MS given, the
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damping and stiffness matrices CS and KS in Eq. �2� can be
obtained by following the technique from modal analysis. Conse-
quently, the state space realization in this case can be converted
from Eq. �2� and expressed as

Żb = AbZb + BbF

zb = CbZb + DbF �4�

Zb = �XS

ẊS
�

Ab = � I 0

− MS
−1KS − MS

−1CS
�

Bb = � 0

MS
−1 �

Cb = ��
1 0 0 0

0 1 0 0

0 0 0 1
	

Ab�5,6,8�
	

Db = � 0

Bb�5,6,8� � �5�

In Eq. �4�, zb represents the part of z contributed from the wind
force F; the notation Ab�5,6 ,8� and Bb�5,6 ,8� in Eq. �5� means
the matrices consisting of the fifth, sixth, and eighth rows of Ab
and Bb, respectively.

Wind Load Model
In reality, the wind forces are usually not accessible in field. Thus,
the estimation through wind tunnel tests becomes a possible op-
tion from the engineering point of view. In wind engineering, the
so-called high-frequency force-balance test is the most practical
method to acquire wind load data so far, and it has been widely
used as a standard test to find the design wind load for a building
at the design stage. This test is designed to be conducted on a
rigid building model that has the same geometry shape as the
elastic model. It is based on the fact that the base shear force
measured by the force-balance transducer is in equilibrium with
the total horizontal wind force on the building due to the high
rigidity of the test model. It is noted that the wind load thus
measured does not contain the part interacted with the deformed
structure due to the high rigidity of the test model. Hence, it may
not be very precise for situations with large deformation, such as
the across-wind load. However, from the control perceptive, a
possible way to overcome this is to treat it as a system uncertainty
in the robustness consideration for the controller design.

On the conservative side, it is conceivable to estimate the auto-
power spectrum of each wind force, SFiFi

, by portioning out the
power spectrum of the base shear force following the profile of
mean wind velocity square multiplied by the tributary area. To
further facilitate the controller design, it is necessary to construct
a state space wind load model to simulate the wind forces induced
by the excitation of a fictitious white noise W as shown in
Fig. 3�a�. For simplicity, spatially complete corrections among the
wind forces were assumed herein, although spatially partial cor-

relations are more realistic. Thus, the auto-power spectrum of



each wind force, SFiFi
, can be decomposed into the frequency

response function from W to Fi, i.e., HFiW
���, from the relation


HFiW
���
 = �SFiFi

��� �6�

in which a fictitious white noise W with an unitary spectrum
intensity is taken without loss of generality. The dotted curves
shown in Fig. 5 are the plots of 
HF1W���
 and 
HF4W���
 in the
along-wind and across-wind directions when the mean wind ve-
locity is equal to 8 m/s at the building height. Second, by the
curve-fitting technique that keeps the denominators of HFiW

���
the same, the mathematical form of the frequency response func-
tions can be obtained using the orders of n=2 and m=3.
The fitted curves of HF1W��� and HF4W��� for along-wind
and across-wind directions are shown in Fig. 5 as denoted by the
solid curves. Note that the frequency at the peaks shown in
Figs. 5�c and d� represents the vortex-shedding frequency. Thus,
the resulting state space equation of the wind load model can be
obtained and expressed as

ḟ = Aff + BfW
�7�

F = Cff + DfW

in which f=three-dimensional state vector of the wind load
model; W=scalar fictitious white noise with an unitary spectrum;
and the dimensions of Af, Bf, Cf, and Df= �3�3�, �3�1�,
�4�3�, and �4�1�, respectively.

Consequently, the building Eq. �4�, and the wind load model
Eq. �7� were cast into a state equation for Subsystem 2 expressed
by

ŻW = AWZW + BWW

zW = CWZW + DWW

Z =
Zb

Fig. 5. Amplitudes of frequency response functions of spatially
completely correlated wind loads versus fictitious white noise W
under mean wind speed 8 m/s: �a�,�b� along-wind direction; and
�c�,�d� across-wind direction
W �
f
�
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AW = �Ab BbCf

0 Af
�

BW = �BbDf

Bf
�

CW = �Cb DbCf�

DW = DbDf �8�

in which zW is the part of z contributed from W.

Control-Integrated Wind-Excited System

With the Subsystems 1 and 2 identified, the control-integrated
wind-excited system was finally determined by superposing
Eqs. �1� and �8�, i.e.

Ża = AaZa + BaU + EaW

z = zU + zW = CaZ + DaU + FaW

Da = DU

Fa = DW

Za = �ZU

ZW
�

Aa = �AU 0

0 AW
�

Ba = �BU

0
�

Ea = � 0

BW
�

Ca = �CU CW� �9�

Model Reduction and Nominal System

The control-integrated wind-excited system in Eq. �9�, referred to
as the full-order system, can be further reduced to a minimal
system using the balanced state reduction method presented in
Moore �1981�. By this method, Eq. �9� is first transformed into a
balanced-state system in which the controllability and observabil-
ity gramians are equal and diagonalized. The value of the diago-
nal element is called the Hankel singular value which represents
the relative controllability �and observability� of the correspond-
ing state. After truncating the states with relatively small Hankel
singular values, an eight-state reduced-order system represented
by the matrices �Ap ,Bp ,Cp ,Dp ,Ep ,Fp� was constructed. The
typical frequency response functions of x4 and ẍ4 in the reduced-
order and full-order systems, and the corresponding reduction er-
rors are shown in Figs. 6 and 7 for along-wind and across-wind
motions, respectively. As shown in Figs. 6 and 7, the first three
structural modes are reasonably preserved. This reduced-order
system was finally used as the nominal system for the design of

the following robust H� controller.
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Formulation of Generalized H� Control Problem

A block diagram of a physical system with active control is illus-
trated by the blocks in solid line portions shown in Fig. 8, in
which P�nominal system; K�controller system; r�reference
signal; U�control command generated from the controller;
W�excitation; n�measurement noise; y�measured response;
and e�error signal between the measured response and the refer-
ence. Herein the reference signal is taken as r=0 because the
control objective is to suppress vibration. Meanwhile, the mea-
sured output is taken as y= �ẍ1 ẍ2 ẍ4�T, which can be extracted
from the controlled output z. As learned from the modern control
theory, the robustness criteria, namely, the performance robust-
ness of reducing tracking error, rejecting noise and attenuating
disturbance, and stability robustness with respect to system uncer-
tainty �Zhou and Doyle 1998� can be considered equivalent to
find a controller K�s� for a generalized plant G�s�, under the
proper choice of weighting matrices We, WU, and Wy, such that
�Hz�d����, in which Hz�d�transfer function from d to z� and
��so-called attenuation value. The generalized plant G�s� is con-
verted from the physical system diagram in Fig. 8 to form a

T T T T

Fig. 6. Comparison of frequency response functions of x4 and ẍ4 in
along-wind direction: �a� full-order system due to U; �b�
reduced-order system due to U; �c� reduction error due to U; �d�
full-order system due to W; �e� reduced-order system due to W; and
�f� reduction error due to W
generalized controlled outputz�= �ze zWU zy � , a generalized
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measured output e, and a generalized exogenous input
d= �nT WT�T. This is called the generalized H� control problem
as shown in Fig. 9. It should be noted that: �1� the components ze,
zWU, and zy in z� can be considered as the weighted e, U, and y,
respectively, as shown by the dotted line portion in Fig. 8; and �2�
a smaller value of � can guarantee stronger robustness. In the
following, the systematic way of constructing the state equation
for the generalized plant G�s� is described.

Fig. 7. Comparison of frequency response functions of x4 and ẍ4 in
across-wind direction: �a� full-order system due to U; �b�
reduced-order system due to U; �c� reduction error due to U; �d�
full-order system due to W; �e� reduced-order system due to W; and
�f� reduction error due to W

Fig. 8. Block diagram of physical system with active control



Construction of Generalized Plant

Following the blocks in Fig. 8, the state equations of the nominal
system P�s�, weightings We�s�, WU�s�, and Wy�s� can be ex-
pressed as

ŻP = APZP + BPU + EpW
�10�

y = CPZP + DPU + FPW

Że = AeZe + Bee
�11�

ze = CeZe + Dee

ŻWU = AWUZWU + BWUU
�12�

zWU = CWUZWU + DWUU

Ży = AyZy + Byy
�13�

zy = CyZy + Dyy

respectively, in which Zp, Ze, ZWU, Zy=state vectors; and AP, BP,
CP, DP, EP, FP, Ae, Be, Ce, De, AWU, BWU, CWU, DWU, Ay, By, Cy,
and Dy=constant matrices with appropriate dimensions. By con-
sidering n and W as the exogenous input d; ze, zWU, and zy as the
generalized controlled output z�; and e as the generalized mea-
sured output, the generalized plant G�s� to be controlled can be
written as the state equations expressed by

Ż = AZ + B1d + B2U

z� = C1Z + D11d + D12U �14�

e = C2Z + D21d + D22U

in which

Z = �
ZP

Ze

ZWU

Zy

	
d = � n

W
�

z� = � ze

zWU 	

Fig. 9. Block diagram of generalized H� control
zy

JOURN
A = �
AP 0 0 0

− BeCP Ae 0 0

0 0 AWU 0

ByCP 0 0 Ay

	
B1 = �

0 EP

− Be − BeFP

0 0

0 ByFP

	
B2 = �

BP

− BeDP

BWU

ByDP

	
C1 = �− DeCP Ce 0 0

0 0 CWU 0

DyCP 0 0 Cy
	

D11 = �− De − DeFP

0 0

0 DyFP
	

D12 = �− DeDP

DWU

DyDP
	

C2 = �− CP 0 0 0�

D21 = �− I − FP�

D22 = − DP �15�

in which e=−y−n=generalized measured output used as the
feedback quantities for control.

Linear Matrix Inequality-Based Solution Procedure

The recent development on LMIs has facilitated a more concise
and straightforward formulation for the generalized H� control
problem shown in Fig. 9 �e.g., Gahinet 1992; Gahinet and
Apkarian 1994; Chilali and Gahinet, 1996; Scherer et al. 1997�. In
a case where strictly proper controllers are to be designed, a sim-
pler solution procedure presented in Gahinet �1992� is suggested
herein to demonstrate the convenience of such a LMI-based ap-
proach. Since the derivation involves tedious proofs that are be-
yond the scope of this research, only the rationale and concluded
solution procedures will be described in the following, while the
formulation is referred to in the Appendix.

Let the dimension of A in the generalized plant system be
N�N and a full-order strictly proper controller K�s� be expressed
in the state space as

ŻK = AKZK + BKe
�16�

U = CKZK

in which ZK=state vector of the controller;

AK,BK,CK=matrices to be determined; and AK has the same di-
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mension as A. To determine AK, BK, and CK, the step-by-step
solution
procedures for a simpler LMI-based approach are specifically
summarized as follows:
1. Use Matlab LMI Toolbox to find solutions for the matrices R,

S, B̂K, ĈK, and � by constructing a minimization problem
with an objective function expressed by

J = � + 	 · Tr�R� + 
 · Tr�S� �17�

subject to three LMI constraints described in Inequalities
�24�, �30�, and �31�. Using the objective function of Eq. �17�
is for the sake of finding a minimum attenuation value �
because a smaller � can guarantee stronger robustness. The
modulations of the trace of R and S are also included in
Eq. �17� because smaller traces of R and S are helpful in
slowing down the frequency response of the controller
dynamics.

2. Compute the full-rank matrices M and N from the identity
MNT=I−RS using singular value decomposition �Brogan
1991�.

3. Solve ÂK from �=0 �see Eq. �28��.

4. Solve B̄K, C̄K, and ĀK �in this order� from Eq. �29�.

5. Convert the controller equation in terms of ĀK, B̄K, and C̄K

with ē as the measured output into that in terms of AK, BK,
and CK with e as the measured output by using the loop
shifting technique, i.e.

AK = ĀK − BKD22C̄K

BK = B̄K �18�

CK = C̄K

Table 1. Experimental Results of Response Quantities without Control

Degree of freedom �DOF� Peak

Mean wind

Displacement
�mm�

1 0.3620

2 0.2904

4 0.2624

Acceleration
�g�

1 0.0593

2 0.0632

4 0.0646

M

Mean wind

Displacement
�mm�

1 0.4609

2 0.4024

4 0.3730

Acceleration
�g�

1 0.0712

2 0.0787

4 0.0748

M
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Discretization of Controller

Once the controller expressed by Eq. �16� is determined, it should
be discretized before implementation. The sampling time used for
the controller in the tests is 0.001 s.

Results of Wind Tunnel Tests

Wind tunnel tests of the high-rise building model are conducted
using the robust H� controllers designed by the LMI-based ap-
proach under two different mean wind velocities of 8.0 and
8.8 m/s at the building height. These velocities are equivalent to
the reference wind velocities �at 10 m height� of 21.8 and 24 m/s
for the prototype building in the suburban area with a gradient
height of 400 m and power law exponent of 0.23. Both the along-
wind and across-wind loadings are tested on the building to
investigate the performance of active control in each direction.
Following the identification scheme proposed, the control-
integrated wind-excited system was constructed and thus the
nominal system was obtained. For identifying Subsystem 2, the
spatially completely correlated wind model �Eq. �7�� based on the
force-balance test result under a mean wind speed of 8 m/s was
used. The robustness criteria were then incorporated with the
nominal system following the procedure presented to form a
generalized H� problem, and a LMI-based solution procedure was
performed to find the H� controllers. The design parameters
for the robust H� controller are as follows: �1� for the along-wind
direction, the weightings are 	=
=10−8, We�s�= �7.21s
+179.89� / �s2+0.8s+1562.3� ·I3�3g−1, WU�s�= �0.252s
+9.8� / �110s+4,000� V−1 and Wy�s�= �7.21s+179.89� / �s2+0.8s
+1562.3� ·I3�3g−1, I3�3 is an identity matrix with a dimension
�3�3�; �2� for the across-wind direction, 	=
=10−8,
We�s�= �0.02s+100� / �2.5s+500� ·I3�3g−1, WU�s�= �25.2s
+980� / �110s+4,000� V−1 and Wy�s�= �1.44s+1.08� / �1.2s

long wind Across wind

Root mean square �RMS� Peak RMS

=8.0 m/s

0.0907 1.0022 0.2303

0.0799 1.0835 0.2178

0.0709 1.0980 0.1991

0.0155 0.1432 0.0345

0.0166 0.1553 0.0373

0.0169 0.1578 0.0385

m�ẍmd�=0.0669g Maximum�ẍmd�=0.0881g

=8.8 m/s

0.1207 1.3722 0.3808

0.1106 1.4962 0.3736

0.0978 1.5499 0.3518

0.0206 0.2067 0.0592

0.0222 0.2276 0.0642

0.0224 0.2547 0.0665

m�ẍmd�=0.1827g Maximum�ẍmd�=0.0915g
A

speed

aximu

speed

aximu



+1.5� ·I3�3g−1. As a result, the minimized attenuation value � is
10.6672 for the along-wind motion, and 1.1388 for the across-
wind motion. The peak and root-mean-square �RMS� values of
building responses within 60 s without control under mean wind
speed of 8 and 8.8 m/s are shown in all the columns of Table 1,
respectively. In Table 1, ẍmd represents the absolute acceleration
of the moving mass in the AMD system. The response quantities
using the robust LMI-based H� controller were tabulated in
Table 2; those in the first part are for the case under mean wind
speed of 8.0 m/s while those in the second part are for that under
mean wind speed of 8.8 m/s. In the tables throughout the paper,
the values inside the parentheses are the percentages of reduction
with respect to the responses without control. As demonstrated in
Table 2, the performance of the LMI-based H� controller can
achieve above 50% in reducing the peak and rms values of the
displacement and accelerations in both the along-wind and
across-wind directions even under different wind speeds of exci-
tation.

The experiments using the classical LQG controllers were also
conducted for comparison. These LQG controllers were designed

Table 2. Experimental Results of Linear Matrix Inequality-Based H� Co

Degree of freedom �DOF� Peak

Mean wind

Displacement
�mm�

1 0.1999
�44.77�

2 0.1346
�53.65�

4 0.1307
�50.19�

Acceleration
�g�

1 0.0321
�45.80�

2 0.0357
�43.48�

4 0.0326
�49.55�

M

M

Mean wind

Displacement
�mm�

1 0.2550
�44.67�

2 0.1963
�51.22�

4 0.1823
�51.13�

Acceleration
�g�

1 0.0535
�24.86�

2 0.0420
�46.59�

4 0.0442
�40.90�

M

M

based on the same nominal system �AP ,BP ,CP ,DP ,EP ,FP�, and

JOURN
the detail formulation of LQG controllers is referred to the Ap-
pendix in Wu �2000�. Following the notation in Wu �2000�, the
design parameters for the LQG controller are listed as follows: �1�
for the along-wind motion: Q=diag�1 mm−1,1 mm−1,

1 mm−1,104 g−1 ,104 g−1 ,104 g−1�, R=10−5 V−1, S̄WW=10−17 N−2,

S̄vv=10−19I3�3 g−1; �2� for the across-wind motion:
Q=diag�1 mm−1, 1 mm−1, 1 mm−1, 103 g−1 , 103 g−1 , 103 g−1�,
R=30 V−1, S̄WW=10−17 N−2, S̄vv=10−19 I3�3 g−1. The building
responses using the LQG controller in both along-wind and
across-wind directions under two different wind speeds were
listed in all the columns of Table 3, respectively. As shown in the
parentheses in Table 3, the response reductions of the classical
LQG controller are comparable to those of LMI-based H� con-
troller. It is noted that the maximum control command of LQG
controller in the along-wind motion is much larger than others.
This is due to the fact that the low frequency component contrib-
uted from the feedback quantities is contained in the classical
LQG controller that was designed without considering adding a
filter. The same result was observed in Wu and Pan �2002�. The

r

long wind Across wind

Root mean square �RMS� Peak RMS

=8.0 m/s

0.0394
�56.59�

0.5464
�45.48�

0.1396
�39.38�

0.0313
�60.86�

0.5037
�53.51�

0.1283
�41.07�

0.0282
�60.18�

0.4633
�57.81�

0.1155
�41.97�

0.0081
�48.02�

0.0825
�42.38�

0.0197
�43.05�

0.0079
�52.28�

0.0928
�40.23�

0.0204
�45.40�

0.0081
�51.84�

0.0871
�44.81�

0.0208
�46.05�

m�ẍmd�=0.3121g Maximum�ẍmd�=0.9975g

m�U�=0.1410 V Maximum�U�=0.4493 V

=8.8 m/s

0.0544
�54.92�

0.7482
�45.48�

0.1968
�48.31�

0.0461
�58.31�

0.6786
�54.65�

0.1830
�51.01�

0.0420
�57.01�

0.6243
�59.72�

0.1649
�53.11�

0.0116
�43.54�

0.1182
�42.81�

0.0303
�48.81�

0.0114
�48.56�

0.1373
�39.65�

0.0316
�50.85�

0.0114
�49.06�

0.1275
�48.83�

0.0324
�51.29�

m�ẍmd�=0.4284g Maximum�ẍmd�=1.5860g

m�U�=0.1948 V Maximum�U�=0.6530 V
ntrolle

A

speed

aximu

aximu

speed

aximu

aximu
performances of the controllers in the experimental results can
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reflect the performance robustness in the presence of uncertainties
because wind tunnel tests on the elastic building model can best
represent actual situations that uncertainties exist. Therefore, as
demonstrated by the results in Tables 2 and 3, the performance
robustness of both H� and classical LQG controllers are fairly
equal in the presence of all possible uncertainties.

To make a further comparison in the aspect of stability robust-
ness for the classical LQG controllers and the proposed H�

controllers, an uncertainty test for stability using numerical simu-
lation was conducted. Conducting uncertainty tests for stability in
experiments was not possible because the true system is hard to
define, and therefore there was no comparison basis to define the
“size” of system uncertainty. However, in these numerical tests,
the identified control-integrated wind-excited system �under mean
wind speed of 8 m/s� can be considered as the true system, and
an additional system uncertainty expressed as a transfer function
��s+1� / �s2+5s+1,400�, in which � is a scalar, was superposed to
the true system when numerical simulations using the H� control-
lers and LQG controllers were conducted. Such a transfer func-
tion was used because it has a dynamics with a single mode at
6 Hz and damping ratio 6.7%, which can represent the system

Table 3. Experimental Results of Linear Quadratic Gaussian Controller

Degree of freedom Peak

Mean wind

Displacement
�mm�

1 0.1913
�47.17�

2 0.1511
�47.97�

4 0.1333
�49.19�

Acceleration
�g�

1 0.0328
�44.65�

2 0.0333
�47.30�

4 0.0365
�43.56�

Maxi

Max

Mean wind

Displacement
�mm�

1 0.2741
�40.53�

2 0.2214
�44.99�

4 0.2123
�43.08�

Acceleration
�g�

1 0.0499
�29.94�

2 0.0451
�42.71�

4 0.0442
�40.92�

Maxi

Max
uncertainty that possibly occurs with the first structural mode em-
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phasized. Note that the controller was designed based on the
nominal system, therefore in the simulation the total uncertainty
actually contains this additional uncertainty and reduction errors
shown in Figs. 6 and 7 as well. In the along-wind and across-wind
motions, as the scalar � is increased to 1.2 and 16.8, respectively,
as shown in Figs. 10�a and b�, the building responses using the
H� controller remain stable, however those from the LQG con-
troller become unstable, as shown in Figs. 10�c–f�. It is noted that
the response in the along-wind motion �Fig. 10�d�� oscillates in a
very slow frequency but grows gradually to infinity. From these
tests, it was demonstrated that because the robustness criteria
were considered in the design of the H� controller, it is superior to
the classical LQG controller in maintaining stability robustness.

Conclusions

In this paper, a control design process incorporating robustness
criteria was developed specifically for wind-excited high-rise
buildings and its feasibility was experimentally verified by imple-

g wind Across wind

ot mean square �RMS� Peak RMS

=8.0 m/s

0.0412
�54.60�

0.5150
�48.61�

0.1386
�39.82�

0.0334
�58.23�

0.4848
�55.25�

0.1260
�42.13�

0.0307
�56.61�

0.4447
�59.49�

0.1119
�43.78�

0.0074
�52.37�

0.0747
�47.80�

0.0204
�40.98�

0.0071
�57.35�

0.0778
�49.92�

0.0213
�43.06�

0.0073
�56.81�

0.0811
�48.61�

0.0216
�43.77�

md�=0.3674g Maximum�ẍmd�=0.7570g

�U�=2.51 V Maximum�U�=0.3180 V

=8.8 m/s

0.0551
�54.37�

0.8210
�40.17�

0.2027
�46.78�

0.0470
�57.51�

0.7878
�47.35�

0.1875
�49.81�

0.0444
�54.57�

0.7190
�53.61�

0.1681
�52.23�

0.0100
�51.32�

0.1277
�38.23�

0.0325
�45.01�

0.0096
�56.75�

0.1441
�36.69�

0.0344
�46.45�

0.0097
�56.81�

0.1435
�42.40�

0.0351
�47.25�

md�=0.4529g Maximum�ẍmd�=1.2588g

�U�=2.95 V Maximum�U�=0.5575 V
Alon

Ro

speed

mum�ẍ
imum

speed

mum�ẍ
imum
menting on a four degree-of-freedom scaled building model



¯

through wind tunnel tests in along-wind and across-wind
directions. To overcome the uncertainty effect, the control design
process proposes a suitable identification scheme that can realis-
tically model wind loads and the possible CSI effects, as well as
a systematic procedure of incorporating robustness criteria in the
controller design for maintaining performance robustness and sta-
bility robustness. Thus, the nominal system with the robustness
criteria employed was converted into a generalized H� control
problem, and the convenience of the LMI-based solution proce-
dure was also verified from this implementation. The experimen-
tal results of using classical LQG controllers were also presented
for comparison.

From the experimental results, the following conclusions were
made:
1. The control design process and LMI-based H� controllers

proposed were successfully implemented on a wind-excited
high-rise building model through wind tunnel tests. The ex-
perimental results verified the feasibility and applicability of

Fig. 10. Simulation results of uncertainty tests: �a�,�b� magnitudes of
additional uncertainties used in along-wind and across-wind
directions; �c� top floor acceleration of robust H� control in
along-wind direction; �d� top floor acceleration of linear quadratic
Gaussian control in along-wind direction; �e� top floor acceleration
of robust H� control in across-wind direction; and �f� top floor
acceleration of linear quadratic Gaussian control in across-wind
direction
this approach to wind-excited buildings.

JOURN
2. The performance of the LMI-based H� controller is compa-
rable to that of the LQG controller that was designed based
on the same nominal system. As demonstrated by the
remarkable response reduction in both the along-wind and
across-wind motions of the experimental results, both
controllers have fairly equal performance robustness under
uncertainties of wind speed variation and other possible
prediction errors.

3. Based on the numerical uncertainty tests, the LMI-based H�

controller that was designed by considering robustness crite-
ria is more robust than the classical LQG controller for both
along-wind and across-wind motions in maintaining
structural stability in resistance to system uncertainty.
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Appendix. Derivation of Linear Matrix
Inequality-Based H� Controller

For simplicity of derivation, another measured output
e=e−D22U=C2Z+D21d instead of e in Eq. �14� is used first,
while this intermediate step will be eliminated by loop shifting
described in Eq. �18�. Thus, the corresponding notations AK, BK,

CK, and e in Eq. �16� are replaced by ĀK, B̄K, C̄K, and ē, respec-
tively. The bounded real lemma �Zhou and Doyle 1998� states
that having the control constraint �Hz�d���� achieved is equiva-
lent to satisfy the statement that there exists a N�N symmetric
positive definite matrix X �denoted as X0� such that

�Acl
TX + XAcl XBcl Ccl

T

Bcl
TX − �I Dcl

T

Ccl Dcl − �I
	 � 0 �19�

or in an equivalent form �by using the Schur complement �Zhou
and Doyle 1998�� expressed as

Acl
TX + XAcl + �Bcl

TX

Ccl
�T� �I − Dcl

T

Dcl �I
��Bcl

TX

Ccl
� � 0 �20�

In Inequalities �19� and �20�, Acl,Bcl,Ccl,Dcl are the closed-loop
system matrices written by

Acl = � A B2C̄K

B̄KC2 ĀK

�
Bcl = � B1

B̄KD21
�

Ccl = �C1 D12C̄K�

Dcl = D11 �21�

In order to convert the inequality in Eq. �20� with X0 into a set
−1
of linear matrix inequalities, first, X and X are partitioned as
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X = � S T

NT V
�

�22�

X−1 = � R M

MT U
�

in which the dimensions of S ,N ,V ,R ,M ,U are all N�N, and
S0, R0. For simplicity, the following discussion is confined
to the scope that M and N have full column ranks. Using the
identity X−1X=I with expression given in Eq. �22� yields the
relations MNT+RS=I and RN+MV=0. Therefore, it can be eas-
ily verified that X satisfies

X�1 = �2

with

�1 = � R I

MT 0
�  0 �23�

and

�2 = �I S

0 NT �  0

Then, the inequality in Eq. �20� with X0 is solvable if and only
if the following LMI system is feasible; i.e.

�R I

I S
�  0 �24�

and

��R �T

� �S
� � 0 �25�

in which

�R = AR + RAT + B2ĈK + ĈK
TB2

T

+ � B1
T

C1R + D21ĈK
�T� �I − D11

T

− D11 �I
�−1� B1

T

C1R + D21ĈK
�

�26�

�S = ATS + SA + C2
TB̂K + B̂K

TC2

+ �B1
TS + D21

T B̂K

C1
�T� �I − D11

T

− D11 �I
�−1�B1

TS + D21
T B̂K

C1
�
�27�

� = ÂK + AT + �SB1 + B̂K
TD21 C1

T�

�� �I − D11
T

− D11 �I
�−1� B1

T

C1R + D21ĈK
� �28�

and

ÂK = NĀKMT + SB2C̄KMT + NB̄KC2R + SAR
�29�

ˆ ¯
BK = NBK
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ĈK = C̄KMT

Inequalities �24� and �25� are derived by pre- and postmultiplying
inequalities X0 and Eq. �20� by �1

T and �1, respectively. As

observed from Inequalities �25�–�28�, ÂK only appears in the off-

diagonal block �; and B̂K and ĈK enter into �S and �R in a
decoupled fashion. This suggests two sufficient conditions for In-
equality �25� to simplify the solution procedure, i.e., �i� �=0;

�ii� �R�0 and �S�0. In this way, ÂK, B̂K, and ĈK can be
solved based on conditions �i� and �ii�, respectively. In fact, by
using Schur complement, the two inequalities �R�0 and
�S�0 imply

�AR + RAT + B2ĈK + ĈK
TB2

T B1 �

� − �I �

C1R + D21ĈK D11 − �I
	 � 0 �30�

and

�ATS + SA + C2
TB̂K + B̂K

TC2 SB1 + B̂KD21 �

� − �I �

C1 D11 − �I
	 � 0

�31�

The notation ‘ *’ in Inequalities �30� and �31� represents a com-
ponent equal to the transpose of its symmetric component. Con-
sequently, Inequalities �24�, �30�, and �31� becomes the set of

linear matrix inequalities for the matrices R, S, B̂K, and ĈK.
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