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ABSTRACT

In this paper we show how to formulate and solve robust portfolio selection problems. We
consider  the  problem of  robust  optimal  portfolio  selection  for  tracking  error  when  the
expected returns of the risky and risk-free assets as well as the covariance matrix of the risky
asset are not exactly known. We consider the problem is to find a portfolio of minimum
worst case volatility of the tracking error with guaranteed fixed minimum target expected
performance. It is shown that this problem is equivalent to solving linear matrix inequalities
(LMI)  optimization  problems.  A numerical  example  including  5  assets  is  presented  and
tested with the powerful numerical packages nowadays.

1. INTRODUCTION

The concept of mean-variance optimization, introduced by Markowitz (1959), is the most
used and well-known tool  for  economic  allocation of  capital.  As pointed  out  in  various
literatures,  for  optimal  mean-variance  strategy  to  be  useful,  the  expected  return  and  the
covariance matrix should be sufficiently precise, yet small changes in expected returns can
lead to large changes in asset allocation decisions. In practice,  this lack of robustness with
respect to the inherent inaccuracy of the expected returns and covariance matrix estimates
prevents  the  widespread  use  of  mean-variance  optimization  by  practitioners in  the  real
world.

As an example, of the inherent inaccuracy in the calculation of the covariance matrix,
consider  the exponentially  weighted moving average  (EWMA) model  for  estimating the
covariance matrix form historical data. (see J.P. Morgan, RiskMetrics Technical Document,
4th Edition). Weights declining over time are applied to the set of data points with decay
factor λ, between 0 and 1. The value of λ governs how responsive the estimate of the daily
volatility is to the most recent daily percentage change. A low value of λ leads to a great deal
of weight being given to the previous return when volatility is calculated. In this case, the
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estimates produced for the volatility on successive days are themselves highly volatile. A
high value of  λ (i.e.,  a value close to 1.0) produces estimates of the daily volatility that
respond relatively slowly to new information provided by the daily percentage changes. The
RiskMetrics database,  which was created by J.P.  Morgan and made publicly available in
1994,  uses  the  EWMA model  with  λ=0.94  for  updating  daily  volatility  estimates.  The
company found that,  across  a  range of  different  market  variables,  this  value  of  λ gives
forecasts of the variance rate that come closest to the realized variance rate.

Another situation that can be critical is when asset allocation is made for a long period of
time with no frequent rebalancing. In this case, future changes of economic scenarios could
lead to different expected returns and covariance matrices along this period of time. As a
result,  mean-variance  optimization  generates  asset  allocation  decisions  that  seem  to  be
unacceptable or non-intuitive.

More  recently,  the  mean-variance  has  been  extended  to  include  tracking-error
optimization.  In  this  case  the  professional  money  manager  is  judged  by  total  return
performance relative to a pre-specified benchmark portfolio. The allocation decision problem
is based on the difference between the manager’s return and the benchmark return, that is, so
called tracking error. Tracking error problems could be posed in forms of to find a portfolio
with minimum tracking error volatility for a given target expected performance relative to
the benchmark.

Linear matrix inequalities (LMI) applied to robust control and related problems have been
extensively studied over the past years (Boyd et al., 1994, Lu et al., 2003). Due to the large
number  of  fast  and  reliable  computational  techniques  (The  Mathworks,  Robust  Control
Toolbox, Version 3, 2004) available for LMI optimization programming, this approach has
shown to be an important tool to derive numerical algorithms. 

The main goal of this paper is give an example of using LMI to solve robust tracking
error optimization problems under the more realistic assumption that the expected returns
and covariance matrix are not exactly know. By robust tracking error problems we meant to
find a portfolio of minimum worst case tracking error volatility with respect to a benchmark,
with guaranteed fixed  target  expected performance.  We show that  the  solutions to  these
problems are equivalent to the solutions to LMI optimization problems.

The  advantage  of  this  approach  is  that,  besides  considering  the  inaccuracy  of  the
parameter estimates, it also allows, the possibility of including analysis of possible future
scenarios  for  the  expected  returns,  risk-free  interest  rate,  and  the  covariance  matrix  of
returns. This could minimize or reduce rebalancing and associated transaction costs in long-
term portfolio  management since possible future changes of scenario would be taken into
account.
   The paper is organized as follows: Section 2 presents the notation, basics that will be
considered throughout the work. Section 3 presents the formulation of LMI problems.  In
section 4, we have the numerical example with a portfolio including S&P500, US Treasury
Bill, USD VS Yen, Crude Oil Price, and TSE300. Section 5 is the conclusion of this paper
with some final comments and future work.
 
2. Preliminaries

We consider  a  financial  model  in  which  there  are  N risky assets  represented  by  the
random return vector A, with mean vector μ, and covariance matrix Ω (N×N). A portfolio ω
will be a vector belonging to a set Γ of the following form:
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Where  iF  i=0,…,N, are the given symmetric matrices. Set  Γ corresponds to a LMI (see
Boyd et al., 1994). The components of the vector ω represent the weights on the risky assets
A, that is, the i th entry ωi of ω is the portfolio’s proportion invested in asset i. The set Γ is
suitable for representing constraints like the sum of the portfolio components is equal or less
than 1, and no short sales are permitted, that is, constraints of the form 

,,...,1,0,11' Nii  

We  consider  that  (1-ω’1)  is  invested  in risk-free  asset  r.  Therefore  the  return  of  the
investor is 

rA )1'1('                                                     (2.1)

  Denote ωB a fixed portfolio provided by the manager, called benchmark portfolio. We have
the return of the benchmark portfolio,

     rA BB )1'1('                                                  (2.2)

The difference between (2.1) and (2.2) is defined as the tracking error e(w),
     )1()'(1)'()'()( rrAe BBB  
And the variance (volatility) 

   )()'()(2
BB                                        (2.3)

Finally, we define a target expected performance vector v, where
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3. LMI Formulation
The  LMI  optimization  problem  “Minimum  worst  case  variance  guaranteed  return

under uncertainty” can be formed below:
Find a solution for LMI variable α and ω by following the LMI optimization

Min α

     Such that ,0
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See (Rustem et al., 2000) for more details and proof.
Note that (3.1) is the LMI formulation of (2.3). 
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4. Numerical Example

In  this  section  we  provide  a  simple  and  illustrative  example  of  the  results  obtained
previously. We assume that an investor wants to optimize a portfolio composed by S&P500,
US Treasury Bill, USD VS Yen, Crude Oil Price, TSE300, and the 1-day risk-free interest
rate. The optimized portfolio is based on the previous daily observed returns of the 5 assets,
as well as the present 1-day risk-free rate, from January 2, 1997 to December 31, 2001. This
period is divided into two parts. The period from January 2, 1997 to June 28, 1999 is used
for the volatility matrices calculations, while the period form June 29, 1999 to December 31,
2001 is  used  for  the  optimization and analysis  of  the  methods.  We take the benchmark
portfolio to be ωB=(1/5,….1/5)’, that is, the benchmark return is just the mean of the daily
returns of the 5 assets. In Fig.1, we present the compounded daily returns of the benchmark
portfolio and the compounded risk-free 1-day interest rate from June 29, 1999 to December
31, 2001.

  In Fig.2 we present the volatility of the benchmark return over the same period, using two
different  ways  of  calculating  the  covariance  matrices.  The  blue  line  corresponds  to  the
covariance matrix using a decay factor of 0.94, and the green line corresponds to a decaying
factor of 0.9, both using the EWMA methodology for computing covariance matrices, and
the previous 636 daily historical returns for the calculations.
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  Let us denote by A(i) the random vector with the 5 returns of the assets observed at day I
and r(i) the risk-free return at day i. For the optimization problems we imposed short-selling
constraints  of  the form ω≧0, 0≦ω’1≦1. We considered the minimization problem as  the
minimum  worst  case  variance  guaranteed  return  under  uncertainty  and  compared  the
portfolio returns obtained in two different ways at day i.
Portfolio 1: With n=1, that is, 1 volatility matrix Var1(i), 1 expected return vector μ1(i) and 1
risk-free return r(i) were considered. Var1(i) was calculated from the 636 previous returns
and with a decaying factor 0.94. The expected return μ1(i) was obtained from the previous
daily asset returns with weights 0.7, 0.2 and 0.1, respectively. That is, 

μ1(i)=0.7A(i-1)+0.2A(i-2)+0.1A(i-3)
and 

v1(i)= ωBA(i-1)+r(i)
Therefore the constraint on the expected return of Portfolio 1 was to obtain the previous

day benchmark portfolio return plus the current 1-day risk-free interest rate return. In our
simulation, these optimization problems were performed form June 29, 1999 to December
31,  2001.  The optimized portfolios ω(i) were updated  everyday and  the real  return  was
obtained from the asset returns A(i) (known at the end of the day i). That is, the real return of
portfolio 1 at day i is 

ω(i)’A(i)+r(i)(1-ω(i)’1)
Portfolio2:With n=2 corresponding to 2 covariance matrices Var1(i) and Var2(i) and 2 return
vectors μ1(i) and μ2(i). The values of Var1(i), μ1(i), v1(i) were the same as in Portfolio1. For
Var2(i) we considered the 2 previous daily assets returns with weights 0.5 and 0.5. That is, at
day i

 μ2(i)=0.5A(i-1)+0.5A(i-2)
and

 v2(i)= ωBA(i-2)+r(i)
Therefore the second constraint on the return of Portfolio 2 was to obtain the benchmark
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return of two days ago plus the current risk-free 1-day interest rate return. In our simulation,
these  optimization  problems were  performed from  June  29,  1999 to  December  31.  The
optimized portfolios ω(i) were updated everyday and the real return obtained from the assets
returns A(i) (known at the end of the day i), that is, the real return of Portfolio 2 at day I as in
Portfolio 1.

  Fig.3 presents the compounded daily returns of the portfolios obtained by Portfolio 1
and 2, and the compounded daily returns of the target portfolio, obtained form the return at
day  i  as ωBA(i)+r(i).  The  compounded  return  of  Portfolio  1  was  25.32%  over  the
compounded return of the target portfolio, while Portfolio 2 was 16.12% over the target.  

5. Conclusions
In this paper, we show that it is applicable to use LMI optimization for portfolio selection

for  tracking  errors.  For  future  works,  we  could  minimize  or  reduce  re-balancing  and
associated  transactions  costs  with  target  vector  v.  Maximizing  Sharpe  Ratio  or  consider
reinforcement learning as an optimal agent. At the moment, more comprehensive numerical
tests of our methodology in the context of various financial market are being preformed. As
future works, we consider the possible extension of the LMI methodology for Value at Risk
computation (including benchmark-VaR,  GARCH, and Cornish-Fisher  Expansion).  Other
research, includes robust  long-term asset  allocations without frequent re-balancing of the
portfolio, bearing in mind application in pension funds allocation problems. 
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